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Abstract. Our objective is to find prices on individual items in a combinatorial auction that support the 
optimal allocation of bundles of items, i.e. the solution to the winner determination problem of the 
combinatorial auction. The item-prices should price the winning bundles according to the corresponding 
winning bids, whereas the bundles that do not belong to the winning set should have strictly positive reduced 
cost. I.e. the bid on a non-winning bundle is strictly less than the sum of prices of the individual items that 
belong to the bundle, thus providing information to the bidders why they are not in the winning set. Since the 
winner determination problem is an integer program, in general we cannot find a linear price-structure with 
these characteristics. However, integer programming duality can be used to obtain this kind of price-
information. Normally, it is computationally to expensive to derive the integer programming dual function, 
but in an iterative combinatorial auction it might be worth to do it since the information provided to the 
bidders from the non-linear dual function is of great importance for the bidders. Throughout, the ideas are 
illustrated by means of numerical examples. 
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Introduction 
In some auctions/markets, a participant’s valuation of an object depends significantly on which other objects 
the participant acquires. Objects can be substitutes or complements, and the valuation of a particular bundle 
of items may not be equal to the sum of the valuations of the individual items, i.e. valuations are not additive. 
This may be represented by letting bidders of the auction have preferences not just for particular items, but 
for sets or bundles of items as well. In this setting, economic efficiency is increased by allowing bidders to 
bid on combinations of objects, which is exactly what a combinatorial auction does. 

A recent survey of combinatorial auctions is provided by de Vries and Vohra (2000), also an excellent 
overview is given by Parkes (2001). In the literature, there are a number of examples of combinatorial 
auctions, ranging from the allocation of rights to radio frequencies (FCC (1994)), auctions for airport time 
slots (Rassenti et al. (1982)), railroad segments (Brewer (1999)) and delivery routes (Caplice (1996)). Bundle 
pricing (Hanson and Martin (1990)) and the effects of discounts on vendor selection (Moore et al. (1991)) 
can also be analyzed within this framework. 
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1 The Winner Determination Problem 

Given a set of bids for subsets of objects, selecting the winning set of bids is denoted “the winner 
determination problem”. This problem can be formulated as an integer programming problem. Let N be the 
set of bidders, M the set of m distinct objects, and S a subset of M. Agent j’s (j ∈ N) bid for bundle S is 
denoted by bj(S), and we let 

  )(max)( SbSb j

Nj∈
=  

The binary variable xS is equal to 1 if the highest bid on S is accepted, and 0 otherwise. The winner 
determination problem can then be formulated as 
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In some formulations of the winner determination problem, there is also a restriction stipulating that every 

agent/bidder can only receive at most one bundle. If we let binary variable xj(S) be equal to 1 if agent j 
receives bundle S and 0 otherwise, the corresponding formulation of the winner determination problem is the 
following 
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⊂ ∈
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In both formulations the objective function maximizes the ”revenue”, i.e. the value of the bids, whereas 
the first set of constraints requires that no object can be assigned to more than one bidder. The second set of 
restrictions in (IP2) guarantees that no agent is assigned more than one bundle. An alternative interpretation 
of the maximization problems is the following: If bidders submit their true values, i.e. bid their reservation 
prices on different bundles, implying that bj(S) = vj(S), for all j ∈ N and S ⊂ M, the solution to the winner 
determination problem represents the efficient allocation of indivisible objects in an exchange economy. 

Formulation (IP1) is valid for the winner determination problem in case of superadditive bids, i.e. if 

 )()()( BAbBbAb jjj ∪≤+  ØBAMBANj =∩⊂∈∀ and,,  
In case of substitutes, as shown in de Vries and Vohra (2000) dummy goods can be introduced to make the 
formulation valid, or the more general formulation (IP2) can be used. In any case, the formulation of the 
winner determination problem is an instance of the set packing problem (SPP). The linear programming 
relaxation of the SPP produces integer solutions in a number of cases (ref. de Vries and Vohra (2000)). We 
will however, focus on instances where the LP-relaxation gives fractional solutions. In general, the SPP 
belongs to the class of NP-hard problems, and is closely related to set partitioning and set covering problems. 
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Since in general the LP-relaxation produces fractional solutions, it is obvious that a set of market clearing 
linear prices need not exist for a combinatorial auction. This has led to the development of a number of 
stronger formulations of the winner determination problem. Bikchandani and Ostroy (1999, 2000) have 
presented two stronger formulations of (IP2). The first one is obtained by introducing artificial variables y(k), 
and replacing the set of constraints requiring that each agent can obtain at most one bundle with the 
alternative set of constraints 

(LP1)  ∑ ∑
∈ ∋

≤
Nj Sk

j kySx )()(   MS ⊂∀  

  1)( ≤∑
∈Kk

ky  

where K is the set of all possible partitions, or “bundlings”, of the items in M, and Sk ∋ indicates that bundle 
S is represented in partition k. 

This lead to a stronger problem formulation, in the sense that some of the fractional solutions that are 
feasible in the LP-relaxation of the weaker formulation, are cut off. However, the linear programming 
relaxation of this problem can still produce fractional optimal solutions. Another problem with this 
formulation is that the value of the dual is the sum of the maximal utility to each agent with bundle prices 
p(S), plus the auctioneers maximal revenue. The use of bundle prices makes the price mechanism more 
complicated, and we are in this paper looking for a simpler evaluation scheme, avoiding bundle prices. 

In the strongest formulation of the winner determination problem, the disaggregation goes even further, by 
replacing the constraints discussed above, with the constraints 

(LP2)  
[ ]
∑
∋

≤
Sjk

j kySx
,

)()(   MSNj ⊂∈∀ ,  

1)(
'

≤∑
∈Kk
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where K’ is the set of all possible agent-partitions, i.e. all possible combinations of “bundlings” and their 
allocation to different agents, and [ ]Sjk ,∋  indicates that agent-partition k contains bundle S, which is 

allocated to agent j. 
This formulation possesses the integrality property and hence, the linear programming relaxation is 

integer. However, the value of the dual becomes even more complicated since it is the maximal utility to each 
agent with bundle prices pj(S) plus the auctioneers maximal revenue over all feasible allocations at the prices. 
Note that the bundle prices pj(S) are non-anonymous or discriminatory bundle prices, i.e. every agent may 
face a unique vector of bundle-prices, making the evaluation even more complicated. 

The problem as we see it with the two stronger formulations and their duals, is that they lead to non-linear 
price structures, with prices of objects and prices for bundles, that make it difficult to use them in a market 
mechanism design. In this paper we will present an alternative set of non-linear prices, that can be used to 
evaluate bids and give information back to the bidders/agents that can be used to determine the prospects of a 
bid-increase, or explain easily why a particular bid did not win. What we suggest is the use of integer 
programming duality to derive a non-linear price function. Although complicated to derive, the price function 
derived from integer programming duality has the desired properties, i.e. prices only the original constraints 
in the winner determination problem.  Also in an iterative combinatorial auction we will normally solve a 
sequence of related problems which makes the computational effort of deriving the dual function worthwhile. 
This is so since the alternative is to either calculate the true  deficits for all non-winning bids, which requires 
the solution of a large number of integer programming problems or to use pseudo-dual price information 
which might be misleading.  
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2 Pricing in Combinatorial Auctions 

The objective of this paper is not to focus on solution methods for the winner determination problem, but 
rather to find prices on individual items that support the optimal allocation of bundles of items. By “support”, 
we mean that the prices on the individual objects should price the winning bundles according to the winner 
bids, whereas the bundles that do not belong to the winning set, should have strictly positive reduced cost, i.e. 

 
bid on non- 

winning bundle 
< Σ prices of individual 

objects that belong to bundle 
 

Prices with these characteristics will provide information to the bidders why they are not in the winning set, 
and this information may be used in a specific market design. Since the winner determination problem is an 
integer problem, in general, we will have to consider non-linear price structures. 

It is only possible to find a single price-vector that excludes all non-winning bids if 1) the LP-relaxation of 
the winner determination problem has an integer solution, and 2) the LP-relaxation has a unique dual solution 
such that every non-winning bundle has reduced cost (RC) > 0. As will be illustrated in the next sections by 
means of a simple example, it seems to be difficult to find a unique price-vector with the characteristics 
searched for. Therefore, in this article, we suggest the use of integer programming duality to obtain this kind 
of price-information in terms of a non-linear price function.  
 
There have been many suggestions for calculating price information in combinatorial auctions.  Rassenti et al 
suggest the use of two pseudo-dual pprograms in order to define bid rejection prices.  De Martini et al and 
Milgrom  present alternative ways of calculating pseudo-diual prices. Bjørndal and Jørnsten suggest the use 
of a restricted linear program and the corresponding  set of dual sulutions as an alternative. The convex set of 
price vectors, multiple linear prices,  in this approach has the property that the reduced costs for all non-
winning bids are positive for at least one of the price vectors. The set of multiple linear prices can be viewed 
as anon-linear pricing system. 
 
All these alternatives for pricing are used as a proxy for calculating the true shortfall. Since shortfall 
calculations involves solving a hugh number of integer programs this is an extremely costly method.  
However, since this is the case it might be a feasible alternative to solve the winner determination problem in 
such a way that we also get information  that yields the non-linear price function associated with the integer 
programming dual. 
 

In the illustrative example we will use the first formulation of the winner determination problem presented 
(IP1), i.e. without the restriction that an agent can receive at most one bundle. However, we give other 
examples using the alternative formulation (IP2), taken from Parkes (2001) and extensions thereoff, and 
illustrate the applicability of the non-linear pricing scheme given by the integer programming dual price 
function. 

 
 

3 Integer Programming Duality 

In the paper by Wolsey, it has been shown how to formulate the dual of an integer linear programming 
problem. The basic idea is to use dual price functions instead of dual prices. Consider the primal integer 
linear program 
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 x•0, integer 
 

Let mF+  be the set of nondecreasing functions   { }∞+∞−∪=→ .: * RRRF m . A function 
mFF +∈  is called superadditive if mRbbbFbFbbF ∈∀+≥+ 212121 ,)()()( .  

Let F ={ }0)0(sup ≥∈ + FanderadditiveisFFF m . We call F the set of dual price functions. We 

can then define the dual of the integer linear program as 
 
w=inf )(bF  

 

s.t   jj caF ≥)(  j=1,...,n 

 
 ∈F F 
 
Wolsey shows how an integer programming dual function can be derived by solving the integer progrram 
either with a cutting plane or a Branch and Bound technique.  In the following we will use price functions 
derived from solving the primal integer program using a cutting plane technique. 
 
Note that the winner determination problem is a binary integer program. However, the binary constraints 

can be replaced by rephrasing the problem  and replacing the binary constraints 1/0)( =Sx j  with 

0)( ≥Sx j and integer . This is so since the requirement that the variables has to be less than one is 

already stated in the other constraints.  Hence the reformulated winner determination problem is  
 

(IP2`) max ∑ ∑
⊂ ∈
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j

Nj

j SxSb )()(  

  s.t. 1)( ≤∑∑
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   0)( ≥Sx j   MSNj ⊂∈∀ ,  

 
Which has a corresponding dual with dual price functions F . 

4 Examples 

In the first example, we assume that the following 9 bids have been handed in for different combinations of 7 
objects, A-G: 
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Bid 17 10 10 9 20 12 4 15 26 
Object          
A 1 1 1  1  1 1  
B  1 1     1  
C  1   1 1  1 1 
D    1      
E 1  1  1 1   1 
F  1 1    1  1 
G 1   1 1   1 1 

 
The interpretation of the table is as follows: the bid of 17 includes objects A, E and G, the next bid of 10 is on 
objects A, B, C and F, etc. 

The winner determination problem of the combinatorial auction can be formulated as the following set 
packing problem, which is an instance of (IP1): 

 

binary

1

1

1

1

1

1

1s.t.

2615412209101017max

98541

9732

96531

4

98652

832

875321

987654321

ix

xxxxx

xxxx

xxxxx

x

xxxxx

xxx

xxxxxx

xxxxxxxxx

≤++++
≤+++
≤++++
≤
≤++++
≤++
≤+++++

++++++++

 

 
The optimal integer solution has a value of 26, 19 =x  and all other variables are zero. In the following, we 

will consider various potential price-structures, based on 1) the LP-relaxation and 2) using sensitivity 
analysis together with linear programming. In the next section we will consider the use of IP marginal values. 
 
1) LP-relaxation 
If we relax the integer restrictions on the variables and solve the corresponding linear program, we obtain a 
fractional solution with value 26.5, where 5.0921 === xxx  and all other variables are equal to zero. The 

shadow prices for the seven constraints are given by the vector (0.5, 0, 6, 0, 7.5, 3.5, 9) implying reduced 
costs for the 9 bundles that have been bid on equal to (0, 0, 1.5, 0, 3, 1.5, 0, 0.5, 0). However, this dual 
solution is not very useful in combinatorial auction terms, since it produces reduced cost equal to zero for a 
number of inferior bids. This is so for bids 1 and 2, that is part of the fractional solution, but it is also so for 
bids 4 and 7, which are inferior even in the LP-relaxation. 

Note that there exist multiple dual solutions to the linear program. The alternative dual solutions are (0.5, 
0, 5, 0, 7, 4.5, 9.5) and (0.5, 0, 6, 0, 6, 3.5, 10.5), with reduced costs for the nine bundles equal to (0, 0, 2, 0.5, 
2, 0, 1, 0, 0) and (0, 0, 0, 1.5, 3, 0, 0, 2, 0), respectively. We notice that for all the alternative dual solutions, 
several inferior bids have reduced cost equal to zero, but not necessarily in all the alternative solutions. Only 
the inferior alternatives consisting of bids 1 and 2 do not get any indications of the inferiority of the value of 
their bids, which is reasonable since they are part of the fractional LP-solution. 
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2) Cutting Planes and Dual Functions 
We know that a price-system that works for a combinatorial auction must in general be non-linear. Such a 
non-linear price-system can be derived using a cutting plane or branch-and-bound technique when solving 
the winner determination problem. For our example we will use a cutting plane approach to generate a non-
linear price-system. By adding constraints 1, 3 and 5, dividing by two, and rounding down, the following 
cutting plane is derived: 

19865321 ≤++++++ xxxxxxx  

If we append this cutting plane to the winner determination problem and solve the new linear programming 
relaxation, we get the solution 19 =x  with value 26, shadow prices (0, 0, 0, 0, 0, 4, 9, 13), and reduced costs 

(5, 7, 7, 0, 2, 1, 0, 7, 0). I.e. bundles 1 and 2 are priced out, but not bundles 4 and 7. 
There are however, multiple dual solutions, as shown in the table below: 

 
Dual Solutions (π,µ) 

 
 
 
Constraint 1 2 3 4 5 6 7 
        
A 0 0 0 0 0 0 0 
B 0 0 0 0 0 0 0 
C 0 5 0 4 5 0 4 
D 0 0 0 0 0 0 0 
E 0 7 0 7 6 0 6 
F 4 4 4 4 4 5 5 
G 9 9 10 10 10 9 9 
Cut 13 1 12 1 1 12 2 

 
Each of these dual solutions gives rise to a nonlinear price-function of the form 

F(aj) =  πaj + µ ⋅  (a1j+a3j+a5j )/2  
where aj is the coefficient vector of the jth bundle, π is the vector of shadow prices for the original constraints 
A-G, µ is the shadow price of the cut, aij is the coefficient in the ith row of bundle j, and u represents the 
greatest integer less than or equal to u. However, none of the above dual non-linear price-functions alone will 
produce a positive reduced cost for all the unsuccessful bids. Nevertheless, if we take the maximum reduced 
costs produced by the dual solutions we get the reduced costs (5,7,7,1,2,1,1,7,0). This should be compared 
with the true shortfall costs which are (9,7,7,1,6,1,1,11,0). Hence the dual price functions give us 
underestimates of the true shortfall costs. The estimates are exact for 5 out of the eight bids in the example. 
Also note that not all dual solution stated above are needed. 
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In his Ph.D. thesis, Parkes (2001) presents a set of illustrative examples. One of the examples is as 
follows: 

 
 Bundles 
 A B C AB BC AC ABC 
Bidders        
Agent 1 60 50 50 200 100 110 250 
Agent 2 50 60 50 110 200 100 255 
Agent 3 50 50 75 100 125 200 250 

 
The numbers in the table give the bids for the various bundles, from each agent or bidder. In this example it 
turns out that the linear programming relaxation of this instance of (IP2) has the optimal solution x1(AB) = 
x2(BC) = x3(AC) = 0.5 with value 300, whereas the integer solution and hence optimal solution to the winner 
determination problem (IP2) is x1(AB) = x3(C) = 1, with value 275. 
Also in this example only one cutting plane is needed to derive the super additive price function. However, 
the dual linear program obtained from the primal with the cutting plane added possesses massive dual 
degeneracy. Several of these solutions are needed to obtain the desired reduced costs result. It should be 
noted that in order to obtain the desired result giving the maximum reduced costs only lone linear program 
has to be solved for each non-winning bid. 

 
A second example from Parkes (2001) is given by the following table: 

 
 Bundles 
 A B AB 
Bidders    
Agent 1 0 0 3 
Agent 2 2 2 2 

 
 In this example, the optimal solution to (IP2) is given by x1(AB) = 1, while the LP-relaxation gives 
x1(AB) = x2(A) = x2(B) = 0.5. Only the strongest formulation (LP2) possesses the integrality property, and the 
non-anonymous / discriminatory vectors of bundle-prices resulting from the LP-relaxation of the strong 
formulation is p1 = (0, 0, 2.5) and p2 = (2, 2, 2). These prices should be compared to price function obtained 
by adding one cutting plane including bids AB for bidder one and bids A,B and AB for player two are 
included. The dual function which gives us an  anonymous price function of the form  
F(aj) =  πaj + µ ⋅  (a1j+a2j+a4j )/2  In order to get the reduced cost result (1,1,0,1,1,1) all the 4 potential dual 
price functions are needed. 

 
 The final example is derived from the first  Parkes example above by adding  one more object and one more 

bidder. As in the ordinary Parkes example only a few of the combinations have more than additive value for 
the bidders. 

 
 The bids are for 
   A B C D AB ABC ABCD 
 Agent 1  60 50 50 50 200 285 336 

 
 

.    A B C D AC ABD  
 Agent 2  50 60 50 50 200 285  
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   A B C D AD ACD  

Agent 3  50 50 75 50 200 286 
 

   A B C D CD BCD  
Agent 4  50 50 50 75 149 250 
Only the non-additive bids are shown in the table. In this example four cutting planes are needed in order to 
derive the price function. The dual linear program possesses also here massive dual degeneracy. However 
only a very small number of them are needed to give us the maximal reduced costs and  less than 20% of the 
reduced costs differ from the true shortfall costs. It should also be noted that the three cutting planes added 
first are redundant when the last cutting plane is appended. 
 
The dual function derived is of the same form as the one shown above although more complicated. 
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The examples given above are shows that there might be a potential for using integer programming duality 
and non-linear price function in market design for multi-unit auctions 
 
 

5 Conclusions and suggestions for future research 

 
In this paper, we have suggested the use of non-linear price functions derived from the use of integer 

programming duality to handle the pricing problem in combinatorial auctions. Although complicated and 
computationally hard to obtain, we argue that in combinatorial auctions the price functions might be 
beneficial to use since the alternative, to calculate the true deficit for a loosing bid is computationally 
expensive. In an iterative auction market design the use and calculation of the non-linear price functions can 
be the best alternative. 
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Concerning future research, we are currently designing an experiment in which students act as bidders in a 

combinatorial auction setting and are presented various kind of price information in each round, pseudo-dual 

information and/or price functions. We are interested to see how the students handle different price 

information and how this information affect their bidding behavior. 

Another line of research is to investigate how price functions derived by using Branch and Bound or Branch 
and Cut approaches that yield other types of super additive price functions are met by the bidders. Are there 
observable differences in the bidding behavior given different types of price function? 
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