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Abstract

Standard media economics models assume that consumers single-home
(they patronize a single platform), but nowadays multi-homing is rife.
We allow both consumers and advertisers to multi-home, with extended
horizontal and vertical differentiation models for each side. Consumers
only single-home in equilibrium if competition for consumers is weak. If it
is strong enough, all consumers will multi-home and all advertisers single-
home. Otherwise, even symmetric platforms may differentiate vertically
by choosing different advertising levels, leading to partial (incomplete)
multi-homing on both sides. Then advertising prices and platform profits
may increase with the consumer disutility for ads because the number of
single-homing consumers rises. Because platforms have monopoly power
over delivering single-homing consumers in the advertising market, these
consumers are more valuable than those who multi-home.
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1 Introduction

Consumers choose whether to access media content from one or more platforms
(TV and radio channels, online and printed newspapers, streaming services like
podcasts, and so forth). Not surprisingly, a fraction, but not all, consumers are
frequently observed to patronize more than one platform. Such partial multi-
homing on the consumer side of the market is not a new phenomenon. In the
early twentieth century, 15% of US households read two or more newspapers on
daily basis (see Gentzkow et al., 2014, who use survey data from 1917-1924).
However, the development of digital media platforms has made multi-homing
much more attractive and accessible for consumers. Previously, consumers were
typically restricted to choose among a few printed newspapers distributed lo-
cally, but digitalization has in principle made it possible for consumers to access
all media platforms worldwide by downloading an app or accessing a website
(see e.g. the discussion by Bakos and Halaburda, 2021).

Ad-financed platforms sell eyeballs to advertisers, and the value of an ad
depends on the number of consumers it attracts and on how easily the con-
sumers can be reached elsewhere. Each platform has monopoly power in selling
its single-homing consumers to advertisers. In contrast, for multi-homing con-
sumers, platforms can at most charge advertisers the incremental value of the
platform over the rival platform(s).! In the literature, this is called the in-
cremental pricing principle (Ambrus et al., 2016; Anderson et al., 2012, 2018;
Athey et al., 2018). The incremental value is smaller than the single-homing
price if, in the words of Gentzkow et al. (2021), there are diminishing returns
with respect to duplication of impressions. If this is the case, media platforms
charge advertisers less for multi-homing consumers than for single-homing con-
sumers.” Empirical evidence indicates that this is the case. Gentzkow et al.
(2014) estimate that advertising rates were lower for multi-homing than single-
homing consumers in the twentieth century US newspaper market.? Using more
recent data on US magazines, Shi (2016) estimates that an exclusive reader is
worth twice as much as a multi-homer.*

Gentzkow et al. (2021) generalize the incremental pricing principle and
predict that a platform’s ad price per consumer is lower the more “active” are
the platform’s consumers (where the activity level is assumed to be positively
correlated with the extent to which the consumers visit other outlets). They find

IWe consider purely ad-financed platforms, but many digital platforms, e.g., streaming
platforms like HBO and Netflix earn their revenues from consumers. The principle of in-
cremental pricing is also important in such one-sided markets. When consumers are multi-
homing, subscribing e.g., to both HBO and Netflix, the price that can be charged from a
multi-homing consumer is the incremental value of each platform (Anderson et al., 2017; Kim
and Serfes, 2006). If HBO slightly reduces its price, some previously exclusive consumers of
Netflix are turned into multi-homers.

2See also Jeitschko and Tremblay (2020), Bakos and Halaburda (2021) and Belleflamme
and Peitz (2019).

3The model of advertising competition used by Gentzkow et al. (2014) draws on Armstrong
(2002) and unpublished versions of Ambrus et al. (2016), Anderson et al. (2018).

4 Another recent empirical paper allowing for multi-homing is Affeldt et al. (2021), analyz-
ing the Italian newspaper market.
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support for this prediction in data on television and social media advertising.
On TV there is a premium ad-price for younger viewers, since these typically
watch less TV (are less active on this medium) than older viewers. On social
media there is a premium price for older viewers, who are less active on social
media. Consequently, the increase in multi-homing consumers may be a crucial
threat to ad-financed platforms (see e.g., discussion by Athey and Scott Morton,
2021).

We consider a model set-up where two ad-financed platforms compete for
heterogeneous advertisers. On the consumer side, we follow Anderson et al.
(2018): elaborating the standard Hotelling (1929) set-up, consumers may multi-
home. Furthermore, we allow for heterogeneous advertisers, which may special-
ize on one or the other platform, depending on the strength of the individual
advertiser’s willingness to pay for communication, or else buy ads on both plat-
forms. Hence, we allow for single-homing or multi-homing on both sides of the
market, with the outcome determined endogenously in the model.’?

In a classic paper on product market competition, Mussa and Rosen (1978)
develop a framework with single-homing consumers choosing among products
with different qualities. The consumers are assumed to differ by their willingness
to pay for quality (see Anderson, de Palma, and Thisse, 1992, for a review).
Gabszewicz and Wauthy (2003) extend the framework by allowing for "multi-
homing" consumers. The set-up of Gabszewicz and Wauthy is very naturally
adapted to describe advertiser demand for reaching consumers across platforms
delivering different numbers of single-homing and multi-homing consumers.

By combining the frameworks of Anderson et al. (2018) and Gabszewicz and
Wauthy (2003) as described above, we have at the outset four possible equilib-
rium constellations in our model: both consumers and advertisers (partly or
fully) multi-home, only the consumers multi-home, only the advertisers multi-
home, or both parties single-home. We slim these down. First, if no consumers
want to multi-home, the only equilibrium has full multi-homing among adver-
tisers. This is a unique equilibrium if competition on the consumer side is weak
(i.e., the distance disutility, the transportation cost, is sufficiently high).

Second, if the degree of competition on the consumer side is sufficiently
strong (low transportation costs) there exists a pure strategy equilibrium where
all consumers multi-home and advertisers single-home. If both platforms can
deliver all eyeballs, there is no need for advertisers to multi-home. All platform
profit is eroded if the value of a second impression is zero. In summary, if
all agents single-home on one side of the market, agents on the other side will
multi-home.

Perhaps the most interesting case arises in between the extremes. If com-
petition for consumers is relatively strong, there may also exist an asymmetric
equilibrium with partial multi-homing on both sides of the market. Advertising

5One argument used for not allowing for multi-homing on both sides of the market is that as
long as all agents at one side multi-home, there is no gain from multi-homing for agents at the
other side. However, this argument does not hold under partial multi-homing, as emphasized
by Bakos and Halaburda (2021), and we show that partial mult-ihoming on both sides of the
market may arise in equilibrium.
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prices, and consequently platform profits, are strictly positive in the asymmet-
ric equilibrium. The asymmetric equilibrium arises despite an assumption that
platforms are symmetric with respect to intrinsic quality levels. For consumers,
one of the platforms has high “quality” (because it has a low ad volume), while
the other platform has low quality (a high ad volume). If the platforms had
the same ad levels, they would compete profits down to zero (ref the Bertrand
paradox), but through choosing different ad levels (quality levels) they are able
to earn positive profit. This resembles the mechanism in the seminal papers by
Gabszewicz and Thisse (1979) and Shaked and Sutton (1982).

When characterizing the asymmetric equilibrium with partial multi-homing
on both sides, we find that a higher disutility for ads need not negatively impact
platform profit. Indeed, for the low-quality platform (the one with the higher
ad volume) both profit and ad prices increase with disutility of ads (the same
is true for the high-quality platform if the disutility of ads is sufficiently large).
This is in sharp contrast to predictions in standard models of media economics
(that do not allow for consumer multi-homing). The intuition is, however,
straightforward: a higher disutility of ads leads to less consumer multi-homing.
Other things equal this is an advantage for the platforms, since they can charge
more for exclusive than for multi-homing eyeballs on the advertising market.
By the same token, a lower incremental value of the second good to consumers
may enhance platform profits because the number of single-homing consumers
increases.

The rest of this article is organized as follows. In Section 2 we present the
formal model and specify the consumer and advertising sides of the market.
In Section 3 we describe an equilibrium where all consumers single home, and
in Section 4 we describe an equilibrium where all consumers multi-home. In
the former equilibrium, the advertisers will multi-home, while they will single-
home in the latter. In Section 5 we derive and characterize the asymmetric
equilibrium. Finally, in Section 6 we offer some concluding remarks.

2 The model

There are two advertising-financed media platforms, 1 and 2. Each chooses a
price to charge to advertisers to display the ads that are included in its con-
tent. Ads are a nuisance to media consumers, who choose either one or both
platforms (i.e., consumers may choose to multi-home). A given set of ad levels
on platforms might generate a base of exclusive consumers for each platform as
well as a base of consumers common to both.

Throughout we assume that there is no benefit from reaching a particular
consumer more than once; this implies that platforms are most interested in
exclusive consumers. Athey et al. (2018) make a similar assumption, while
Ambrus et al. (2016) and Anderson et al. (2018) allow for a positive incremental
value from a second impression.’

6We believe that our qualitative results hold as long as the marginal advertiser benefit of
an ad is decreasing in the number of impressions.
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Let r; denote the number of exclusive consumers on Platform i, and let
r. be the common (or shared) consumers across both platforms. The total
number of consumers on platform 7 is D; = r; + r., ¢ = 1,2. The novelty of
the present paper is to endogenize multi-homing behavior on both sides of the
market. We show that while some consumers and advertisers might prefer to
single-home, others could find it optimal to multi-home. For what follows, we
shall sometimes find it convenient to write out the consumer demand function
as r; (a1,a2), i = 1,2, ¢, where a; and as denote the ad levels on platforms 1 and
2 respectively.” We describe the specific consumer multi-homing model below.

2.1 Advertisers

The advertiser model follows the set-up of the model of Gabszewicz and Wauthy
(2003) who extend the consumer model of vertical differentiation to include joint
purchase. We purloin the model to describe advertiser demand across different
platforms which may have some consumers in common.

Assume that advertisers are vertically differentiated with respect to their
willingness to pay to contact consumers (as per Anderson and Coate, 2005, for
example).® Let 0 (r; + r.) — P; denote advertiser §’s value from buying an ad
slot on platform ¢ alone when platform ¢ sets ad price P;. The parameter 6 is
uniformly distributed on the unit interval, § € [0,1], so advertiser demand for
each platform is linear. A multi-homing advertiser nets 6 (r; + r; +r.) — P, — P;
as the value of advertising on both platforms.

2.2 Consumers

We deploy a specific consumer model which is a simplified version of the ex-
tended Hotelling model from Anderson et al. (2018).° A crucial feature of the
present model is that we allow for disutility of ads, while Anderson et al. (2018)
assume that consumers are ad-neutral. The surplus of a consumer located at x
from accessing only platform 1 or only platform 2 is given by respectively

uy, = WY —txr—~vya; and (1)
us = U —4¢(1-21)—yas. (2)

Here t is the “transportation” cost, ¥ is the reservation price, and = is the
nuisance per ad. All these parameters are positive. Platform 1 and 2 are located
at 0 and 1, respectively, and we assume both platforms are active and the market
is fully covered. Consumers are uniformly distributed over the Hotelling line.
For a multi-homing consumer, the incremental surplus from the other product is

" Armstrong (2002) briefly deploys such a model, although without drawing out its broader
conclusions for media economics.

8 Athey et al. (2018) allow for heterogeneous advertisers in a set up that allows for multi-
homing consumers, while Anderson et al. (2018) assume that all advertisers have the same
willingness to pay for ads.

9The simplification is that we fix platforn "locations" and do not consider location incen-
tives.
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(¥ —t|z —x;]) 6 — ya; where § € [0,1]. Here, ¢ captures the incremental value
for consumers of having a second variant.
When all consumers single-home, r. = 0, the location of the indifferent
consumer defines the consumer demand for platform :
- 1 a; — aj
T T Ty
Note that the size of the audience on platform i is increasing in the rival’s
advertising volume (dr;/da; > 0). This is a common feature for media economics
models with single-homing consumers - platforms are substitutes.
By contrast, if at least some of the consumers access both platforms (r. > 0),
the utility of a consumer who consumes good 2 because it imparts a positive
incremental value over good 1 equals

where i,5 =1,2; 1 # j; r1 + 192 = 1. (3)

ulg:u1+{[\1'—t(1—z)]5—7a2}. (4)

Clearly, consumer x will not access the second platform unless [¥ — ¢ (1 — x)] 6 >
~vas. The utility of a consumer who reads/views good 1 due to its incremental
value over good 2 is analogously given by us; = ug + {[¥ — tz]d — vyai}. We
can then derive demand for good i from the location of the consumer who is
indifferent between buying both goods and only that of the rival, i.e. u;; = u;:

1
DiZTi+TC=Z[\IJ—/€CLi}<1, (5)
where we have defined
Kk =7/0.
It is then straightforward to show that:
1 1
rizl—g(\ll—/iaj) andrC:¥(2\Il—n(a1+a2))—l. (6)

Under both SHC (single-homing consumers) and MHC (multi-homing consumers),
it is clear that the platform with more ads has fewer consumers. This follows
from (3) and (6) which show that r; > r; if a; < a;. Equation (5) reveals
dD;/da; < 0 and dD;/daj = 0, so that the number of consumers patronizing
platform i is decreasing in its own advertising level but is independent of the
rival’s advertising level. Equation (6) further reveals that dr;/da; > 0 and
dr;/da; = 0. The fact that r; only depends on the rival’s advertising level might
seem surprising. However, it is a fundamental feature when demands are based
on incremental value (see Anderson et al., 2018).

Equations (3) and (6) reflect that the platforms provide symmetric intrin-
sic quality levels from the consumers’ perspective. This is why r; = 7; if the
platforms have equal numbers of ads. As soon as one platform has more ads,
a; > aj, its rival will have more consumers, r; > r;. The intuition is straight-
forward: if media consumers dislike ads, they will (other things equal) perceive
the platform with the lower advertising volume as more attractive than its rival.
We shall henceforth adopt the labelling convention:
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Assumption 1: If the platforms have different ad levels, then platform 2
18 the one with the greater number of exclusive consumers and the smaller ad
level:

ro > 11 if ag < ay and r1 = ro if a1 = as.

2.3 Equilibrium concept

The timing of moves is this. First, platform set prices per ad, and an advertiser
paying that ad price accesses all consumers on the platform. We further make
the (in our view) reasonable assumption that consumers do not observe ad
prices. This implies that consumers do not investigate ad prices in order to
deduce the ad level in a specific program before choosing whether to watch
it. Instead, the ad levels are rationally anticipated. Advertisers do (obviously)
observe ad prices and they rationally and correctly anticipate the consumer
numbers on each channel/platform.

The equilibrium concept is showcased next for the relatively simple and most
familiar case with full single-homing among consumers (FSHC).

3 Full single-homing consumers (FSHC)

To illustrate how the equilibrium works — and also to start the analysis with the
central case in the literature — suppose that consumers all single home. Each
chooses her better channel but none chooses both. Later, we will derive the
conditions that ensure that this constitutes an equilibrium.

Under FSHC — either by assumption or as an equilibrium outcome — com-
petition for advertisers is closed down, and we have the competitive bottleneck
problem (Armstrong, 2002; 2006). The assumption of single-homing consumers
is made in most of the media economics literature and is consistent with stan-
dard discrete choice models of consumer choice, for example, including the linear
city of Hotelling (1929) and circle models (Salop, 1979; Vickrey, 1964).

Suppose that r; consumers are expected on Platform 1 and 79 on Platform 2.
Given these expectations, advertisers will buy access to either or both platforms
as long as their value per consumer times the expected number of consumers
are at least as large as the price per ad charged by the platform. When all
consumers single-home, the advertiser decision on each platform is independent
of the decision on the other. Therefore the platforms will charge monopoly access
prices. That is, the monopoly quantity — number of advertisers — will be attained
by setting the ad price as the number of consumers times the willingness to pay
of the marginal advertiser (the monopoly "quantity"). This latter calculus ties
down how many ads per channel there are.

More formally, the profit to an advertiser of type @ is 0r; — P; if it places an
advert on platform ¢, which has set a per ad price P;, and is expected to deliver
r; media consumers. The advertiser nets 6 (r; + ;) — P; — P; if it advertises
on both platforms. Since the advertising decision is separable and independent
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across platforms, the advertiser will place its ad on platform ¢ if and only if
Or; > P; (where we break indifference in favor of placing an ad). The problem
facing Platform ¢ is then to maximize the revenue from ads, which is the product
of the mass of advertisers it attracts and the price per ad:

max7m; = Pz <1 — H) y
P

i T
where B is simply the price paid per (expected) media consumer. For given r;,
this is a simple monopoly problem. Thus each platform sets a monopoly price
per consumer, and the ad price is this times the mass of consumers so {P;, a;} =
5, 2} Then given that ad levels are symmetric we solve the consistency
condition for consumer demand as r; = 75 = 1/2 and hence prices per ad are
1/4 on each platform.

This means that ad levels and prices are strategically independent and also
independent of consumer attitudes to ads. This is to be contrasted with the
results for single-homing consumers in, e.g., Anderson and Coate (2005) and
Armstrong (2006), where advertising prices are observed not only by the ad-
vertisers but also by the consumers.!® Observability means that if a platform
increases its advertising price, the consumers will be aware of this and can de-
duce that the platform will have fewer ads. Then the platforms will trade-off the
effect of a lower advertising volume with that of attracting a larger number of
consumers (if consumers dislike ads). There is no such trade-off in our current
case because we assume that consumers do not observe ad prices.

To verify FSHC as an equilibrium we need to check that no consumer wants
to access a second platform. The consumer who benefits most from multi-
homing is the one at location z = % From (4), her incremental value is
[ —t/2]0 — v/2 when a = 1/2, so the condition for the FSHC-case to be
an equilibrium is that this incremental value be negative. We can state:

Lemma 1: If t > tFSHC =9 (\I/ — g) then there exists a symmetric FSHC
equilibrium (r. =0). All advertisers of types 8 > 1/2 are multi-homing (MHA,
where a1 = az = 1/2) and ad prices are P; = %, with r; = 1/2 for i = 1,2.

4  Full multi-homing consumers (FMHC)

The opposite (book-end) extreme case is when all consumers multi-home (which
we will call FMHC). When there are no single-homing consumers, the advertisers
can reach any given consumer on either of the channels. This situation generates
Bertrand competition between platforms and so the ad price goes down to 0 as
the service offered by each platform is exactly the same. Because the price is
nothing, advertisers do not care whether they buy ads from only one or from
both platforms. However, this is an artefact of the assumption that the marginal

10Qr, equivalently, that ad levels are observed, since the two are tied together through the
demand curve for ads.
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cost of inserting an ad for a platform is zero. To tie down a unique solution, we
shall therefore assume that the advertisers split (and an equal split is natural)
as this would be the case at any positive and equal ad price. We thus arrive
at the result that all advertisers single-home (FSHA). It therefore book-ends
the first case we presented, where consumers are single-homing and (all active)
advertisers are multi-homing. Put another way, the insight is that if one side
single-homes, the other side multi-homes.

We now need to find on the consumer side when it is that they all want
to multi-home at the purported equilibrium, which has half the advertisers on
each platform. The consumer who benefits least from multi-homing is the one
at location = 0. From (4), their incremental value is [¥ —¢]d — /2 when
a = 1/2, so the condition for the FMHC-case to be an equilibrium is that this
incremental value be positive:

Lemma 2: If t < t"'MHC = ¢ — 5 then there exists a symmetric FMHC
equilibrium (r. = 1). All advertisers advertise, half of them on each platform
(a1 = az = 1/2) and ad prices are P; = 0.

From Lemmas 1 and 2 we can conclude that for ¢ € (tFMHC, tFSHC) there
exists no equilibrium at which all consumers multi-home, nor is there one where

all consumers single-home. The length of this interval is ¥ — %.

5 Partial multi-homing consumers (PMHC)

The remaining equilibrium types involve some consumers multi-homing, but not
all of them. On the advertiser side, we shall show that there can be only one
equilibrium configuration (and hence there can be only one equilibrium config-
uration involving partial multi-homing consumers). This we do by first ruling
out all the other possible advertiser configurations, and by deriving conditions
which ensure that the remaining configuration constitutes an equilibrium. At
the outset we have four possible pure-strategy equilibria on the advertiser side
of the market:

o {B,0}: the highest 6-types advertise on both platforms and the rest do
not advertise at all

o {B,i,0}: the highest 6-types advertise on both platform, the next #-types
only on platform ¢, and the rest do not advertise at all

o {B,1,2,0} or alternatively {B,2,1,0}: the highest #-types advertise on
both platform, the next #-types advertises only on platform 1 (resp. 2), the
next only on platform 2 (resp. 1), and the rest do not advertise at all.

From Lemma 1 above, we know that under FSHC we have a {B,0} equilib-
rium candidate where 71 = ro and a1 = az. We now show the following;:

Lemma 3: Assume that consumer demand satisfies ro > r1 as az < aq,
and rg =11 as az = ay1. (i) There can be no symmetric {B,0} equilibrium if
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0 <r. <1 (PMHQ); (ii) there can be no {B,i,0} equilibrium; (i) there can be
no {B,2,1,0}) equilibrium.
Proof. (i) We prove by contradiction that there can be no {B,0} equilibrium
with r. > 0. Suppose there were such a {B,0} equilibrium. The advertiser
who is indifferent between advertising at both platforms and only at platform j
(0B;) is defined by §p;jr; — P; = 0. However, if this advertiser only advertises on
platform 4, its profits will be 0, (r; + 7.) — P; > 0. Thus, it cannot be optimal
to advertise on both platforms, so {B,0} cannot be an equilibrium with r. > 0.
(ii) We prove by contradiction that there can be no {B, 4,0} equilibrium for
r. > 0. Suppose that there were an equilibrium where the top 0-types advertised
on both platforms, the next tranche advertises only on platform ¢, and the
lowest not at all. The advertiser 6y; which is indifferent between advertising on
Platform ¢ and not advertising at all is given by 6; (r; + r.) — P; = 0, while the
advertiser 6; g which is indifferent between buying at only platform ¢ and at both
platforms is given by 6;57; — P; = 0 (the marginal benefit from also advertising
at Platform j is equal to the advert price). We then have a; = 1 — Li_ and

Ti+Te

a; =1— 1%] Solving P; = arg max m; yields {P;,a;} = {T”'T“, %} For Platform
J we likewise find {P;, a;} = {%’, %} We thus have a; = a;, such that all active
advertisers would choose to advertise on both platforms, which is a contradiction
for any r. > 0.

(iii) From the analysis above there remain only two possible equilibrium
candidates, {B,2,1,0} and {B,1,2,0}. Both imply that the lower-type adver-
tisers single-home. However, the latter cannot be an equilibrium because then
the media product with the larger number of consumers would have the lower
advertising price. m

Therefore all other types are ruled out and we have the result:

Lemma 4: Suppose that consumer demand satisfies 7o > 11 as az < a1 and
ro =11 as ag = ay. For r. € (0,1) (PMHC) the only candidate equilibrium is
{B,2,1,0}.

5.1 Asymmetric equilibria with partial multi-homing con-
sumers (PMHC)

Given Lemma 4, we are left with (at most) {B,2,1,0} as the candidate equi-
librium profile for advertisers consistent with some consumers multi-homing. If
this equilibrium exists, it is necessarily asymmetric. We now characterize the
candidate equilibrium and then show parameters for which it exists.
The lowest marginal advertiser, which is indifferent between buying from 1
and not at all, is at
Py

1+ Te

Oo1 =

The next marginal type is indifferent between buying only from platform 1 and

10
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buying only from platform 2,

Finally, the type indifferent between buying 2 alone and buying on both plat-
forms follows the incremental pricing condition, so
Py
923 = —.
T1

From these expressions the demand for each platform - the advertising levels -
are readily derived as

a; = (1 —02p) + (612 — Oo1),
while platform 2 has ads from all types down to 615 so that
a2 = 1— 912.

Platform profit is m; = P;a;, ¢ = 1,2. Since as = 1 — 012, platform 2’s profit
may be rewritten as

P, — P
Ty = P2 <]. — 21)
To —T1
The first-order condition, dme /0P, = 0, is given by
2P, — P,
-2,
ro —7T1

and the second-order condition holds. We hence find the reaction function as

P
PQ:T22“+71. (7)

The last term is the classic 50 cents on the dollar reaction function property
for linear demands in one-sided duopoly markets. This reaction function for
platform 2 resembles the reaction function for both firms when there is no
multi-homing. This makes sense because the multi-homers are simply in the
top of 2’s range, and are not marginal.

Proceeding likewise for Platform 1 we have

a1 = (1—028)+ (012 — 001),

and its profit is then

P, P-P P
7T1:P1(1—1+ 2 LI ! )

r1 Te —T1 1L+ Te

From the first-order condition, dr1/9P; = 0, we have (the second-order
condition is negative):
2P,  P,—-2P 2P

1——+ - =0
71 ro —T1 71+ Te

11
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This reaction function is more elaborate because of the extra margins at which
consumers are picked up. Inserting the expression for Py from (7) yields the
equilibrium prices as

3
1 To —T1 3 o —T1
P, = =P — 9
2 2 1 2 20 ) ) ( )
where () = % + TQETI + rlir ) This last term reflects the various margins of

demand pick-up. Clearly, both prices are homogenous of degree 1: doubling all
consumer segments simply doubles equilibrium prices. The composition effects
of consumer bases can best be understood by normalizing consumer market size,
ro+1r1+7. = 1. We can then substitute out r. and perform comparative statics
on the equilibrium ad prices.
Inserting for (8) and (9) into the demand functions for ads we have
3 1 3 3

=1 4+ -_ - 1
“ Q'I“l * 2 2Q (7'2—7"1) Q(l—’rg) ( O)

1 n 3
2 2Q) (7‘2 — 7“1) '
Hence, we can find the advertising difference as

ERE T
Qry Qra—r1) Q1 —ry)

g = (11)

a;—ag =1— 6(071).

Thesignofalfagfollowsfromthesignof(%+ 3 4 _4 )7(3+ 3 4 3 )

To—T1 1—ro s To—T1 1—ro
and so must be positive by inspection, as indeed is stipulated in Assumption 1.
By inserting (10) and (11) into (6) (and recalling that x = «/J) we find:

3t—V+ 8 t— (U — 13t — 119 + 10 S
_H Y ES = Ty (Y —r) _ + 10k +

, (12)
10¢ 2 2 201

T1

with S = /20 (30 — ¢ — k) — 60t — 392 + 49¢2, where the root is a real num-
ber if t > t¥, where

(8v/30 +3) ¥ — (6v/30 — 10) &

L
49

(13)

The restriction ¢ > t© ~ 0.96¥ — 0.47x reflects the fact that if ¢ is sufficiently
small, competition will be so fierce that all consumers multi-home. From (12)
we further find that r1|,_,. = 575 (¥ — 3k) (12¢/30 — 20) and rof,_,. = 1 —

_3,
T(w-g 1)&48\/%+40). Att=tLand ¥ = %K we thus have r1 = 0 and ro = 1. This

constitutes the lower bound for the {B,2,1,0} region.
For {B,2,1,0} to be an equilibrium, we must further have 0y; < 612 <
o5 < 1. Inserting for (8) and (9) into the expressions for the #’s we find

12
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(7"2 — 7“1) (2 -7 — 27"2)
001 — 0 = — <0
01 12 5riry — 11 + 4rg — 4r? — 4r3

(re —7m1) (re —m1)
B— = - < 0 for r, >
12 v2b 5rire — 11 + 4rg — 412 — 4r2 O Te =1

_27’1 (1 — 7’1) =+ 79 (1 — 7”2) + 27r (7"2 — 7"1)
5rirg — 11 4 4o — 4r? — 4r2

0o — 1 < 0.

We thus see that 6y; < 012 and O35 < 1 are always satisfied. The condition

012 < 055 however requires that

BV —t—2k)— S
4t

Te =T1 =

> 0. (14)

It can be shown that (14) holds if ¢ < t¥, where

The final requirement for {B,2,1,0} to be an equilibrium candidate is that
7o > 71 (or equivalently as < a1) at t = ¢, and from equation (12) we find that
this is true if ¥ < 2k.

We can state:

Lemma 5: Necessary and sufficient conditions for the existence of an asym-
metric equilibrium are that t € (tL, tH) and ¥ € (%/{, 2&) . On each side of the
market some, but not all, of the agents in the asymmetric equilibrium multi-

home (PMHC-PMHA).

Remarkably, t7 coincides with t/™H#¢ From Lemmas 1-5, we can thus con-
clude:

Proposition 1

(i) There exists a unique equilibrium in pure strategies where all consumers
single-home and all advertisers multi-home (FSHC-FMHA) if t > tF'SHC,

(i) there exists no equilibrium in pure strategies for t € (tH,tFSHC). The
length of this interval is equal to HtSHV — tHH =V -3

(iii) Then there exists an equilibrium in pure strategies with full multi-homing
on the consumer side and single-homing on the advertiser side (FMHC-FSHA)
if t < ", This equilibrium is unique if ¥ ¢ (%n, 2/-@). If U e (%/ﬁ, 2/{) ,
then there also exists an equilibrium in pure strategies where some consumers
and some advertisers multi-home (PMHC-PMHA) with advertiser configuration
{B,2,1,0}.

13



SNF Wotking Paper No. 06/22

Advertising prices are strictly positive in the asymmetric equilibrium, and
so consequently are profits. The area where we have can have an asymmet-
ric equilibrium is restricted. This follows naturally from our assumption that
the platforms provide symmetric intrinsic quality levels from the consumers’
perspective. What is surprising is that we have such an equilibrium with the
(strong) symmetric quality restriction, and that it partly overlaps with the zero
profit equilibrium at which all consumers multi-home.

Figure 1, which depicts the number of exclusive consumers on the vertical
axis and transportation costs on the horizontal axis, illustrates Proposition 1.
To ensure that there exists an asymmetric equilibrium for some levels of trans-
portation costs, we have chosen parameter values such that ¥ € (%/{, 2/{) . More
precisely, we have set £ = 2.5 (with § = 0.4 and v = 1) and ¥ at the upper
limit ¥ = 2k — e = 5 — . With these parameter values, we have a unique equi-
librium where all consumers multi-home (r; = 75 = 0) for ¢ < t ~ 3.60. This
equilibrium holds up to t = t¥ =~ 3.75, but for ¢t € (3.60,3.75) there also ex-
ists an asymmetric equilibrium with ro > r; > 0. The asymmetric equilibrium
yields positive profits for the platforms, and so they clearly prefer this one to
the FMHC-SHA-equilibrium, where the advertising price (and thus the profit
level for the platforms) is equal to zero.

Figure 1 also illustrates that there is no equilibrium in pure strategies for
t € (3.75,7.50). Only for t > 7.50 do we have an equilibrium in pure strategies
under FSHC, with r; = ro = 1/2 (provided that ¢ < 9.60; otherwise the market
is not covered).

0.7

Unique eq: Multiple eq: No eq Unique eq:
FMHC, FSHA FMHC, FSHA In pure strategies FSHC, FMHA
0.6 &
PMHC, PMHA
%) ry=r,=1/2
o 0.5
3
[d]
'S 0.4
(9]
=
(%]
E 0.3
[S)
)
0.2
0.1
r;=r,=0
0.0 A ka7 V4 t
1.00 3.60 3.75 7.50 9.60

Figure 1: Symmetric and asymmetric equilibria (¥ = 5.0, kK =2.5)

From Figure 1 we note that r; — ry as t — t". However, it follows from
equations (6) that this only holds if ¥/k ~ 2. For lower values of ¥/k, we have
r1 < 7o also as t — tH. This is illustrated in Figure 2, where ¥ = 4.0 and
k = 2.5 (again with § = 0.4 and v = 1). Note also that the range where we have
multiple equilibria is smaller in Figure 2 than in Figure 1. Indeed, it can be

14



SNF Wotking Paper No. 06/22

shown that the range where the {B,2, 1,0} equilibrium exists approaches zero
as ¥/k — 3/4.

0.7

Unique eq: Multiple eq: No eq Unique eq:
FMHC, FSHA FMHC, FSHA In pure strategies FSHC, FMHA
0.6 &
PMHC, PMHA
05 ELULEC
0.4

/

0.3
L5
0.2

Exclusive viewers

0.1
r;=r,=0
00 ——2——#— t
1.00 2.65 2.75 N 5.50 7|.60

Figure 2: Symmetric and asymmetric equilibria (¥ = 4.0, kK =2.5)

5.2 Characterizing the equilibrium with partial asymmet-
ric multi-homing equilibrium (PMHC-PMHA)

We are now ready to characterize the asymmetric equilibrium. We start out by
stating the following result:

Proposition 2 : Equilibrium with PMHC-PMHA. A higher disutility of ads
(v) or a lower incremental value of the second good to media consumers ()
increases the number of exclusive consumers on each platform, and makes the
platforms less asymmetric in size; drq/dk > dra/dr > 0.

Proof. Recalling that x = y/§ we can use equation (12) to derive

ﬁ73\117t72n>0a d@73\117t72n+5>
dk tS . ds 2tS

The signs on the derivatives in (15) follow from (14), since (3¥ — ¢ — 2x) > 0 is
a necessary (though not sufficient) condition to ensure that 7. > 1. For the size
difference between the platforms we find ‘il% - ‘fj% = % > 0, where
the sign follows from equation (14), which ensures that r. — 71 > 0. =

The intuition for the first result in Proposition 2 is that the greater is the
disutility from ads, the less attractive it is for consumers to attend both plat-
forms. At the outset it might seem surprising that % > %, since a1 > as.
Other things equal, a higher disutility of ads should increase the relative attrac-
tiveness of platform 2. The intuition for why it nonetheless is platform 1 which
attracts the larger number of "new" exclusive consumers hinges on the following

striking result:

0. (15)
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Proposition 3 FEquilibrium with PMHC-PMHA. The advertising volume in-
creases with the consumers’ disutility of ads, and more so for the larger platform;
das/dy > daq/dy > 0.

Proof. As noted above, each platform’s number of exclusive consumers depends
on the rival’s advertising level. More precisely, equation (6) tells us that r; = 1—
% (¥ — Z52) . Since equation (15) shows that the number of exclusive consumers
for both platforms is increasing in x, it follows immediately that the same is
true for the advertising level, and that as increases more than a; (because 71
increases more than 7). ®

An interesting implication of Propositions 2 and 3 is that higher disutility
of ads need not have a negative impact on platform profits, since it increases
the number of exclusive consumers on each channel. Indeed, we can prove the

following result:

Proposition 4 PMHC-PMHA comparative statics. Suppose that the disutility
of ads increases. Then both profit and the advertising price for the smaller
platform (1) increase. Profit and the advertising price for the larger platform
(2) increase at least in the neighborhood where r. = rq.

Proof. See Appendix. m

Figure 3 illustrates the results in Proposition 4; the profit level of platform
1 is strictly increasing in «y, while the profit level of platform 2 is a U-shaped
function of 7.!! Even though this result is in sharp contrast to standard results
in media economics, the intuition why profit may increase in = is straightforward:
a higher disutility of ads leads to less consumer multi-homing. Other things
equal, this is an advantage for the platforms if it is more profitable to sell
exclusive eyeballs than shared ones on the advertising market.

0.0510 0.0610

0.0508
0.0605

0.0506

0.0600 T

0.0504 72'

0.0502 0.0595

0.0500

0.0590
0.0498

0.0496 V4 0.0585
0.98 0.99 1.00 1.01 1.02 1.03 1.04 0.98 0.99 1.00 1.01

Figure 3: Partial multihoming. Profit as a function of disutility of ads.

I1Similar to Figure 2, we have set ¥ = 4 and § = 0.4. Transportation costs are fixed at
t=2.7.
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6 Concluding Remarks

In the past, single-homing on the consumer side of media markets might have
been driven by limited options to choose from. The consideration set for printed
newspapers was restricted to those distributed locally. When consumers single-
home, media platforms have monopoly power over the eyeballs in the advertising
market. This market power has eroded in the digital era, and tougher compe-
tition for advertisers may explain the fall in ad-revenues for mainstream media
in recent years. The eyeballs of multi-homing consumers cannot be sold for a
higher price than the incremental value of reaching consumers more than once.
Nowadays digital platforms from across the whole world can compete in selling
ads in local market that was previously the bailiwick of the local newspaper.

We have presented a model with endogenous multi-homing on both sides of
the market. Full single-homing on the consumer side of the market, as assumed
in standard (two-sided) media models, does not arise in equilibrium unless com-
petition for consumers is weak (if media outlets have strongly loyal adherents,
say, and ¢ is high). When competition for consumers is sufficiently strong (be-
cause of elastic consumer demands for platforms due to low ¢ say), there exists
an equilibrium with full consumer multi-homing (advertisers are then single-
homing, since all consumers can be reached on both platforms). In this case,
there may also exist an asymmetric equilibrium with partial multi-homing on
both sides of the market. The asymmetric equilibrium is reminiscent of equi-
librium vertical differentiation ("quality" differences) as per Shaked and Sut-
ton (1982). One of the platforms has a higher ad price and its ad volume is
lower than the rival’s. From the consumer perspective the platform with low
ad-volume has higher quality than the rival, since consumers dislike ads. Char-
acterizing the asymmetric equilibrium, we show higher disutility of ads reduces
consumer multi-homing (more exclusive eyeballs). Hence, ad prices increase in
disutility of ads. This result contrasts with standard media models.

Our results provide important managerial and policy insights. As noted
above, full consumer single-homing does not arise in equilibrium unless compe-
tition on the consumer side of the market is weak. This is a cautionary tale for
using lessons from standard models of media economics (Anderson and Coate,
2005; Armstrong, 2006; and subsequent papers) where competition for adver-
tisers is driven by the assumption that all consumers are single-homing.

7 Appendix

Proof of Proposition 4:

We now want to show that dPy /dk = (dPy/dry) (dr1/dk)+(dPy/drs) (dra/dk) >
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0. In order to do so, we first use equations (8) and (9)to find

dP 4 3 pP?

-1 = o Pl a—— L <0 and (].6)
drq ri (r2 — rl) 3

dP 3 4 p?

-1 = 5 — 5| = >o0. (17)
d’l“g (7’2 — 7’1) (]. — 7”'2) 3

From Proposition 2 we know that dry/dk > dre/dk. A sufficient condition for
d Py /dk to be positive, is thus that (dPy/dr1)+ (dPy/dry) > 0. Adding (16) and
(17) we find

dP, dP, 4P? 1 1 ) 4P 1 1 >_(r1+1—r2)(1—r1—r2)

dry ' dry 317 (1-1y)° 317 (1-1y)°

Since both as and P; are increasing in &, it follows that dmy/dk > 0.
Proof. To show that dmy/dk > 0 at the boundary where r. = r1, we differen-
tiate P, with respect to 1 and ry around t¥ = ¥ — % This yields

P, _ 21 (WP ) — 2t (t +18Y) .
dri | 75 (U —t)?

dPy 69 (U2 4 12) 4 17t* — 14410
dry [ 150 (¥ — ¢)?

Evaluating (15) around yields dri/dx = dro/ds = 1/t. Using dPy/dk =
(dP2/dr1) (dri/dk) + (dPy/drs) (dra/dk) we thus find

4t — 30)?
_ (4t -39) 3)2>0.
o 50(U —t)

aPs
dk

Since dag/dk > 0 and dP>/dk|,nx > 0 it follows that dma/dk|,z > 0. m
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Standard media economics models assume that consumers single-home (they
patronize a single platform), but nowadays multi-homing is rife. We allow both
consumers and advertisers to multi-home, with extended horizontal and vertical
differentiation models for each side. Consumers only single-home in equilibrium if
competition for consumers is weak. If it is strong enough, all consumers will
multi-home and all advertisers single-home. Otherwise, even symmetric platforms
may differentiate vertically by choosing different advertising levels, leading to
partial (incomplete) multi-homing on both sides. Then advertising prices and platform
profits may increase with the consumer disutility for ads because the number of
single-homing consumers rises. Because platforms have monopoly power over
delivering single-homing consumers in the advertising market, these consumers are
more valuable than those who multi-home.
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